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lower bound (CRLB) representing the lower limit of leak localization error is minimized.
An explicit algorithm for computing the CRLB with respect to leak parameters in a general
pipe network is developed. The presence of leak is considered as stochastic and modeled in
a probabilistic framework by assuming that the leak location follows a probabilistic distri-
bution with a support on the whole network. The optimal distribution of the sensors is
then computed via a quasi-Monte-Carlo simulation, where the expectation of the CRLB
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Fisher information of leak localization error is minimized. The proposed sensor placement methodology is
Cramér-Rao lower bound optimal uniformly over all the leak localization methods, all the potential sensor locations
Quasi-Monte-Carlo simulation and all the situations of leaks. Four examples from a simple single-pipe system to a com-

plex pipe network are presented to illustrate the proposed methodology.
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Leakage is a serious problem persisting in water supply systems; the water lost worldwide amounts to USD 39 billion per
year according to a recent report [1]. Active transient wave-based methodology is a promising general approach for estimat-
ing leaks and other defects [2-10]. This approach actively introduces transient waves in the fluid, measures pressure
response at specified locations, and analyzes the measured signals to identify leaks in a pipe system. This approach has been
deeply investigated in the past two decades and successfully used in pipe networks [11-19] and several field tests such as
[20-26].

The accuracy of the transient-based leakage detection largely depends on the quality and quantity of measurements,
especially in real environments where the measured signals are often contaminated by noise. Currently, urban pipe net-
works, as well as other large and complex civil infrastructures, always install a large number of sensors to monitor their
health condition [27-30]. However, as the measurements at different locations in a pipe network are not equally effective
and bring different quantity of information regarding leaks [31], the design of the sensors is important. It is suggested in
[3] that measurements should be made in a location being sensitive to the desired parameters. The optimal design of mea-
surement location has been studied in [31-34] where the criterion is to minimize the leak localization error of the inverse
transient analysis (ITA) method [3,35] or maximizing the sensitivity of the pressure measurement model with respect to
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Nomenclature

q discharge oscillation

h pressure head oscillation

xU (x?) upstream (downstream) end of pipe

P leak location

st leak size

QL HL  steady-state discharge and head of leak
Qg steady-state discharge of main pipe

X coordinate system of a pipe network

xS sensor coordinate

Xp coordinate in p-th pipe

a wave speed

A internal area of pipe

) pipe length

d internal pipe diameter

M number of sensors

] number of frequencies

N number of nodes in a network
P number of pipes in a network
CRLB Cramér-Rao lower bound

FI Fisher information

FIM Fisher information matrix
ML maximum likelihood
MOC method of characteristic
MSE mean square error

PDF probability density function
QMC quasi Monte-Carlo

unknown parameters. However, in these works, only very simple cases can be considered where the sensors, as well as leaks,
can only be located at the junctions of network. For example, in the network in Fig. 1 in [31] which has eleven pipes with in
total 11 x 747 m long, only six nodes can be potential locations of sensor and leak. This is not realistic because leaks may
occur anywhere and, general speaking, the junctions are not the optimal measurement locations. The more practical cases
where a sensor and a leak can be located at anywhere in a network cannot be solved by [31-34], because these methods
involve either a full enumeration or an optimization solution of sensor locations which needs a large amount of numerical
simulation (wave propagation simulation in the time domain). Therefore, the present paper aims at proposing a novel sensor
design methodology by which sensors can be freely put anywhere in a pipe network and all the possible situations of leak are
considered.

Fisher information (FI) is a measure of amount of information that a measurement carries about an unknown parameter.
Cramér-Rao lower bound (CRLB) provides a tool to assess how accurate this unknown parameter can be estimated given this
measurement, more exactly the best achievable performance of the parameter estimation or the minimum attainable error.
This theoretical limit of parameter estimation is asymptotically reachable by the maximum likelihood (ML) and the multiple
signal classification (MUSIC) methods [36], which have been applied in the pipeline leakage detection problem [37-40]. The
computation of CRLB of transient measurement concerning leakage and blockage in a single pipe has been reported in
[37,41,42] and used to evaluate the performance of leakage/blockage detection methods. The FI theory and CRLB are also
powerful tools to investigate the performance of sensor arrays with arbitrary distribution for free-field source estimation
[43-48]. In this paper, an algorithm for computing the FI and CRLB in a general pipe network is developed; furthermore,
the sensor displacement is optimized by maximizing the FI of measurement or minimizing the CRLB among all the possible
combinations of sensors.

In practice, the appearance of leak is stochastic; it can occur anywhere in a network with any leak size in a reasonable
interval. This must be considered in the sensor design but the exhaustion of all possible cases of leakage would not be appli-
cable [31]. Given a probabilistic distribution of the leak parameters, the Monte-Carlo method is able to realize the stochastic
modeling by repeating random sampling of leak parameters and computing the corresponding CRLBs. The computation and
convergence of the stochastic simulation can be accelerated with less samples using pseudo-random sequences, known as
the quasi-Monte-Carlo (QMC) methods [49,50]. In this paper, Sobol’ sequence [51], which is a specific QMC method with
low-discrepancy, is employed to simulate the appearance of a leak in a pipe network, by which the expectation of CRLB
is computed and minimized to design the sensor array.

The proposed sensor design approach is called “uniformly” optimal for the following three reasons: (i) the optimal mea-
surement sites are selected from all the possible locations in a pipe network; (ii) the sensor design globally considers all the
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possible situations of leakage (in a probabilistic framework); (iii) the design is not dependent on any specific leak detection
method but valid for all the methods in terms of maximum measurement information.

The next section illustrates the general methodology of sensor placement design in a pipeline system. Specific computa-
tion procedure and results for single-pipe systems and networks are given in Sections 3 and Section 4, respectively. Finally,
conclusions are drawn in Section 5.

2. General methodology
2.1. A brief review of FI theory and CRLB

Let ¢ represent a random variable with probability density function (PDF) f(x|0), where 0 is the parameter of the proba-
bilistic distribution. FI is a measure of information of 0; it quantifies the information of a sample that can provide about the
parameter 6. FI is defined by

B d’logf(x|0)\ [ d’logf(x|0)
160) = [E(‘MZ _ 7/Tf(x|9)dx. (1)

It decides the lowest possible variance, or mean square error (MSE), of the estimation of 6, among all the parameter estima-
tion methods, by

N d[E(O) ’ 1
Var(@) > (T) Ti(0)’ (2)

where 0 is an estimator of ¢ and T is the sample size. If § is unbiased, i.e., [E(@)) =0, then

P 1
Var((?) > W 3)
The right hand side of Eq. (3) is known as the CRLB. For the case of multiple unknown parameters, denoted as
® = (01,...,0y), the sample information is described by the Fisher information matrix (FIM):
N.N
d* logf(x|©) d* logf(x©) ‘
(@)= ———"]=- ——=2 2 f(x|®)dx . 4
(©) ( 10° do, do,, f(x|©) s (4)

Similarly, the CRLB for the covariance matrix estimate is obtained from the FIM:
Cov(é)) > (TI®)) . (5)

Note that the CRLB is asymptotically attainable by the ML estimation [37]: the MSE or the covariance matrix of the estimate
of 0 or ® using ML achieves the CRLB when the sample size tends to infinity.

2.2. Computation of FI and CRLB of pressure measurement in a pipe system

Let X denote the coordinate system of a general pipe network. Consider a leak in the system whose location is x* € X and
the corresponding leak size (effective leak orifice area) is s*. The sensors are placed at {x5, :m=1,...,M} C X, where M is
the number of sensors.

After sending an active transient wave, pressure heads at the M sensors are measured. From each sensor, J data are col-
lected; thus the data for leakage detection are h=vec{hy,m=1,.. . Mj=1,.. ]} Let

hm"de’(xﬂsL) :vec{h%‘?de’(stL),m:L...MJ:],...,]} denote the physical model of h, thus h has the theoretical
expression

h=h""(x's") +n. (6)

Here,n = vec{n,;,m=1,...M,j=1,... J} is an additive error term, where n,,’s are independent and identically distributed
and follow Gaussian distribution with zero-mean and equal variance ¢ (i.e., independent Gaussian white noise). The Gaus-
sian assumption has been justified to be reasonable via an experimental study of noise in different pipe systems in [52]. In
the case that n is nonwhite and/or correlated (with a general covariance matrix), a noise whitening scheme in [9] can be
applied such that the assumption still holds. It is also emphasized that, in practice, the mismatch between the data h and
the model K™% (xt,s") involves not only random error but also (non-random) modeling error [53,54]. The latter is not con-
sidered in the present paper. However, as is shown in [55], if transient tests are routinely practiced, the modeling error of a
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pipe system can be identified before any major defect exists; then, when a leak appears, the modeling error in transient sig-
nals for leakage detection can be canceled such that Eq. (6) holds.
On the basis of the model in Eq. (6), the log-likelihood function of h is

logL(x",s*h) ZZlogL XL st ), (7)
m=1j=1
in which
log L(x", st |hpy) = logf(hmj|xL,sL) = —log(na?) — lz‘ [ pmodel 2
= og () — L [y — Wi — (o) g+ () el (8)

where the superscript ¢ represents the complex conjugate operation.' For any 0; € {x',s'} and 0, € {x',s'},

del del\ © del del\ © del\ © del
 PlogL(x ) o Py (alhg;e> (1 P <02h$f9> —y (ahﬂj‘?e> onee

00100, mj 801802 00,00, 00,00, \ 90,90, 004 00,
model\ € ~y.model
B 6hmj ahmj . ©)
00, 00,
Taking mathematical expectation on both sides of Eq. (9), we obtain
del\ © del del\ € del |
. PlogL(x',sthm)\ _ 1 | (0hy™ ohy™ N O™\ ohp 10)
00100, 02 004 00, 00, 004 ’
thus
. 82 IOgL(XL,SL|h> B 1 ahmodel H ahmodel 8hmadel H 8hmadel_ 1
20,00, =2 |\ o0 20, T\ o0, 20, | (1)

in which the superscript “H” stands for the conjugate transpose operation of a vector. Eqs. (10) and (11) imply that in prac-
tice only the first order derivative is needed for computing FI and CRLB.
The FIM has the expression

Ly I
It sty = (% ™ > 12
(.59 <st )’ (12)
in which
2 8hmodel H hmodel
AN oxL (13)
1 hmodel hmodel ahmoclel H ahmodel
b =52 OXL st st oxL |’ (14)
1 8hmadel H ahmodel 8hmodel Hahmodel
“ o2 st oxL oxL ost |’ (15)
2 ahmodel H ahmudel
s~ g2 | T ost ost (16)
Then, the CRLB of x',s* given each h (the sample size T = 1) is
CRLB(x,st) =1"" (x*,s). (17)

! Without loss of generality, the pressure heads are assumed as complex-valued. Actually, the frequency-domain transient-wave model is considered in each
example in this paper where the data are all complex-valued; however, the FI and CRLB can be similarly computed with the time-domain model as in [41,42].
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Since, in practice, the main concern is the leak localization, in this paper the optimal locations of the sensors are decided by
minimizing the expected MSE of the estimate of x*, i.e., the (1,1)-element of Eq. (17).

2.3. Optimal sensor placement

In practice, the appearance of a leak is stochastic and it can be located at anywhere in a pipe network. The leak size
is also random within a range. In order to consider all the possibilities of leak in the sensor placement design, x* and s*
are assumed as random variables with PDFs f, (x') and f,(s"), respectively. The PDF f, (x') of x* has the support on &, i.e.,
the leak may appear anywhere in the system. If no prior information about x! is available, according to the principle of
maximum entropy [56], x* is assumed to follow the uniform distribution with support &, denoted by U(X). In other
cases where prior information is available, for example some sections of a pipe network are more aging and thus more
probably have a leak, other distributions can be assumed. The leak size s* is non-negative and in practice within an
interval, denoted by s* € [0,sk . ], where sk . is the upper bound of leak size. Again, in the case of no prior information,
according to the principle of maximum entropy, st could be assumed to follow the uniform distribution with support
[0,st..,], denoted by U([0,sk..]).

Stochastic simulation is employed to mimic the randomness of the both leak parameters. Quasi-Monte-Carlo (QMC) sam-
ples, realized by the Sobol’ sequences [51] which are an example of quasi-random low-discrepancy sequences, are taken

from f, and f,. More specifically, for k € {1,...,K}, two groups of QMC samples xfk) ~ f, and s(Lk) ~ f, are generated. The

expectation of CRLB with respect to random x" and s, denoted by F(CRLB), is estimated by the average of the K CRLBs cor-
responding to the K leak parameters.

Then, the optimal location of the first sensor, denoted by &3, is decided by minimizing E(CRLB(x°)), i.e., the expectation of
minimum MSE of leak localization. If M (M > 1) sensors are placed in the system, the additional gain of FI of measurement
and the sensor ambiguity are considered simultaneously. The additional gain approach for deciding the second sensor means

that, when two sensors are available, they are set at E and a location which minimizes [E(CRLB (;ﬁ\ xs)) with x5. This is

equivalent to optimizing the two sensors simultaneously because the noise is assumed to be independent at different places
in the system and the CRLB is additive; this issue is also illustrated via a numerically example in Section 3.3. The sensor
ambiguity means that when two sensors are overly close to each other, the measurements received from the both sensors
are linearly dependent. To avoid this problem, it requires that the distance between two sensors is not lower than A, /2 [43],

where Jni, is the minimum wavelength of probing wave. Therefore, given m — 1 sensors with locations fo i=1,....m-1,
the location of the m-th sensor is selected from the region in which every point is iy;,/2 apart from the previous m — 1 sen-
sors, i.e.

Qn=2Xn <U}1]18()<A‘15,/1min/2)>, (18)

where B(c, r) stands for a neighborhood set of ¢ with radius r and B represents the complementary set of B. The specific steps
of the proposed optimal design of sensor placement are given in Algorithm 1.

In the following two sections, a single pipe system (the typical reservoir-pipe-valve system) and pipe networks are
respectively considered. The algorithm for the CRLB computation (Line 5 and 12 in Algorithm 1) in each example is explicitly
given.

Algorithm 1 Uniformly optimal multi-sensor placement strategy

1: Let m = 1.
2:fork=1,...,Kdo
3:  Draw a QMC sample x{;, ~ f;
4: Draw a QMC sample ka) ~fe
5: Compute CRLB (xfk),sfk) \x5> for x5 € x;
6: end for
7: Decide the location of first sensor x; by
s 1 L oL 14
X = arxgsgmkkz]:CRLB(x(k).s(k)\x ) (19)
8:form=2,.... Mdo
9: fork=1,...,Kdo

(continued on next page)
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(continued)

Algorithm 1 Uniformly optimal multi-sensor placement strategy

10: Draw a QMC sample X{;,,,) ~ f:
11: Draw a QMC sample sf,,, ~ f;
12: Compute CRLB (X(Lkm)7sfkm)|x§ X xs) for x5 € Qp;

' Ym—-1>
13: end for
14: Decide the location of the m-th sensor by

—~ 1 —~ ,\
S L L S S
X5 = arxger!?"m % k§:]CRLB (}<(kr,,),s(,(m)\)c1 R 7x5), (20)

15: end for

3. Single-pipe system
3.1. Physical model

A typical reservoir-pipe-valve system is considered and illustrated by Fig. 1. In this case, ¥ = {x: x € [0,]]} and [ is the
length of the pipe.

The oscillations of discharge (volume rate of water flow) and pressure head in the frequency domain (more exactly, the
frequency response function [57]) due to a fluid transient are represented by g and h. Given the discharge q(x") and head
h(xV) at the upstream node xV,q and h at a sensor location x;, can be computed by the transfer matrix method [58,9]:

S B u U
(Zgg):mm(x;—xl)c Z(ZE—zL))MNL(xL—xU)(ZE’;UD:(MNL(xSm—x”)+sLM5L(xL;xU,x§,))(Zgu;), (21)

if x5, > x; and

q(%n) N s oy [(9()
(h(x%)) =M (Xm_x )<h(XU)>7 (22)

outflow from the leak and Hj is the steady-state pressure head at the leak,

if x5 < xL. Here, the effective leak size s* = , where z! is the elevation of the pipe at the leak, Qf) is the steady-state

Wi - (e ) @)
is the field matrix,
ML (949 = g < Zsinh (u(x* —xY)) cosh (p(x? —xt))  —cosh (u(xt —xY)) cosh (,u(xD—xL)))
o 2(Hﬁ—zl) —Zsinh (u(x* —xV)) sinh (u(x* —x")) Zcosh (u(x- —x¥))sinh (u(x* —x)) )7 (%)

Sensors Q

X1 S Xm Xy
e Valve

Fig. 1. Reservoir-pipe-valve system with multiple sensors.
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Z(w) = u(w)a?/(iwgA) is the characteristic impedance, p(w) = a-'y/—? + igAwR is the propagation function, a is the wave
speed, w is the angular frequency, A is the area of pipeline, and R is the frictional resistance term being R = (fp,yQq)/ (gdA2>
for turbulent flows, d is the pipe diameter and Q, is the steady-state discharge. Note that the transfer matrix method lin-
earizes the steady friction and orifice equations [58,59]. The error due to this linearization is significant only if the pertur-
bation of transient is more than 25% of the steady-state condition [60]. For leak detection, it is always the case that a much
smaller wave is sent, thus the linearization error can be neglected.

In the reservoir-pipe-valve system, boundary conditions h(x") = 0 (xV is connected to a reservoir) and q(x°) = 1 (the tran-
sient wave is sent by the valve at x° by an impulse-type perturbation of flow) can be reasonably assumed. As a result, the
discharge at the upstream boundary is

1
Q(XU) = I - 3 (25)
cosh(uxP) + stk"Z sinh(uxL) cosh(u(xP — xL))
where k" £ ﬁ. Thus, the pressure head at the sensor x5, reads
; S LL7 i L\ oj S _ 4L
hes,) - _Zsmh(,uxm) +s I<L251.nh(,ux ) sinh(p(x$, — xb)) ’ (26)
cosh(uxP) + stk"Z sinh(uxt) cosh(p(xP — xt))
if x5, > x*; and
i S
h(x,) =~Z I S”.lh(ux’”) , (27)
cosh(uxP) + stk"Z sinh(uxt) cosh(p(xP — xt))
if x5, < k.
3.2. CRLB computation
Let Z; = Z(w)), 1 = (@),
fi £ cosh (,uyc”) + stk*Z; sinh (,uij) cosh (,uj (xP - xL)) (28)
and
sinh ( u.x5 ), if x5, < xIn
fr2 () 05 . (29)
sinh (,ujx,sn> + stk'Z; sinh (,uij) cosh (,uj (x5, — xL)) Jif x5, > xln
The computation of FI and CRLB needs the first derivative:
(hnm1;)del> _ 7ij2f1 _f1f2. (30)

fi
By Egs. (28) and (29),

% = sz <cosh(,uij) cosh (,uj (xP - xL)) — sinh (,uij) sinh (,uj (xP — xL)>) = stz cosh(,uj(ZXL - xD)>; (31)

% = K'Z;sinh (uij> cosh(uj (X0 — xl)>; (32)
of 0, if x5 <t
22 _ : 33
oxt ) stz sinh(,uj(ZXL - xf,,)), if x5, > xt’ 33)
and
of, 0, if x, < x*
3L ) k7. ci +L) i (xS _ oyl iE 3S L* (34)
s k'Z;sinh( gx*t) sinh( g (x5, —x*) ), if x5, > x
Then,
8hmz_}del Zj% %, if Xi, <Xt
v (35)

L Lo B ) if xS < 4l
ox _Zf(f_lﬁ_f_%ﬁ)’ if xp, > X
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and
6h$]‘-’d‘" ij:—% ngL if an < XL
Zm ) 36)
] P (
s —Zj<fl1 & —% —‘éﬁ;) if X5, > 1t

With the above two equations, the CRLB for any leak and sensor locations can be computed via Eq. (17).

3.3. Results

Here, we consider a reservoir-pipe-valve system with pipe length [ = 1000 m and internal diameter d = 0.5 m. The wave
speed is a = 1200 m/s and the Darcy-Weisbach friction factor is f,,, = 0.02. The pressure head at the upstream reservoir xY
is H(xY) = 25 m. Here, ] = 151 frequencies from w;;, to 15wy, are selected, where wy, = an/(2l) = 1.89 rad/s is the fundamen-
tal angular frequency. Therefore, the minimum wavelength is Anin = 27a/(15wg;) = 267 m.

The optimal location of the first sensor is decided by the objective function in Eq. (19). Here, the leak location is assumed
to follow a uniform distribution U(X) with PDF f, (x*) = 1/L,x" € [0,1]. The leak size is also uniformly distributed with max-
imumst, =5 x 10~* m2. The sample size K of Sobol’ sequence is 500 which guarantees the convergence. The objective func-
tion in Eq. (19) versus the sensor location is plotted by the black curve in Fig. 2, in which the vertical dash lines are plotted
with equal distance A, /4. This figure shows that the optimal measurement location is the downstream end of the pipe x°,
i.e., at the wave generator. Furthermore, the sensor cannot be placed near xV = 0 which leads to an infinite leak localization
error. This is because xV is connected to a reservoir where the pressure is constant and the oscillation of transient wave can-

not be sensed.
Then, subsequent sensors are added in the system. First, the sensor ambiguity issue is illustrated. The leak is assumed to

be located at x> = 200 m and the locations of two sensors are free parameters. The normalized ambiguity function [40] of the
pressure head from the two sensors:

_ W(x)h()]

AMS(5, %) = [0 Gy | TRGS)T

(37)
is plotted in Fig. 3, which clearly shows a diagonal band with very high similarity. The width of the diagonal band is approx-
imately Amin/2, which implies that if the distance between the two sensors is lower than nmin/2, the measurements have a
strong similarity. This is undesired for the leak estimation and, thus, also undesired for the design of multiple sensors, as has
been indicated in Section 2.3. Furthermore, we justify that, when M = 2, deciding the second sensor x; via Eq. (20) (without
changing the first sensor x§ obtained from Eq. (19)) is optimal and equivalent to optimizing x5 and x§ simultaneously. Fig. 4
plots the CRLB versus x5 and x5, which demonstrates that the optimal points are all located at the upper and right boundaries,

e xS — xS —
ie,x;=x3 =1

1st sensor
2nd sensor
3rd sensor
4th sensor
5th sensor
6th sensor

000000

400 500 600 700 800 900 1000
z [m]

Fig. 2. CRLB normalized by o? versus sensor locations. The maximum angular frequency is @m.xx = 15my. The dash lines represent
X = Nl /Wmax = Nimin/4 =nl/15,n1=1,2,...,14.
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Ambiguity function

1000
900
800
700

600

;EN 500
400
300
200
100

200 400 600 800 1000
z{ [m]

Fig. 3. The normalized ambiguity function versus the locations of two sensors. The region between the two dash lines represents the distance between the
two sensors lower than /2.

log;,(CRLB)

1000

800

600

2§ [m]

400

200

0 200 400 3 600 800 1000
z7 [m]

Fig. 4. CRLB versus the locations of two sensor. The region between the two dash lines represents the distance between the two sensors lower than A, /2.
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The optimal locations of the second to sixth sensors are computed via Eq. (20) and displayed in Fig. 2. It is suggested that
the sensors are placed with distance approximately imin/2 and, sequentially, from downstream side and then upstream side.
Note that, in practice, the maximum frequency or minimum wavelength of transient wave is controllable and decided by the
time closure of valve t. (inmin ~ at;). Moreover, the raw data are often post-processed before the leakage localization, which
automatically decides the frequency range of data more precisely, using the low-pass filter for noise reduction [61] or the
frequency selection which is a must for using the frequency domain leakage localization methods [8,9].

4. Pipe networks
4.1. Physical model

A general pipe network X composed of P pipes and N nodes is considered. As shown in Fig. 5, the nodes in a network are
divided into two classes: (i) ends or boundaries of the network, denoted by 6.x, which are those nodes connected to only one
pipe, including one boundary where the wave-generation valve is set (denoted by V); (ii) interior junctions, denoted by Z,
which are the nodes connected to at least two pipes. For simplicity, a node connecting to exactly two pipes is considered
as an interior junction only if the two pipes have different properties (e.g., diameter, thickness, or material), which results
in a change of impedance and wave reflections at this node; otherwise, it is just an ordinary interior point. Let the numbers
of ends and interior junctions be Nr = card(9X) and N, = card(Z), where “card” represents the cardinality of a set, thus
Ng + N; = N. Let x,, denote the coordinate in the p-th pipe, which is bounded by xg and xg,p =1,...,P. Thus, the whole net-

work is denoted by X = u$:1 {xp 1 Xp € [xg ,xﬂ } Furthermore, the length, diameter and cross-sectional area of the p-th pipe

are I, d, and A,, respectively.
The wave propagation from the upstream Xg to the downstream xg in the p-th pipe is modeled by the transfer matrix

a() _ M (%)  p=1,...,P. G8)
() (%)

When the leak is in the p*-th pipe, p* € {1,...,P},

M0 gt (XL’ s, xéﬁ,’@)a -
and
MxyﬁxﬁzM”L(XE—xg)-,p;fép* andpe{1,...,P}. “

Valve
(wave generator)

—£]

@:?) : Interior junctions

[ : Boundaries

Fig. 5. Sketch map of a pipe network.
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Here, we denote
ML (XL7SL7XU7XD) — MV (XD _ XU) + stM® (XL7XU7XD). (41)
For each end xf € 9&, a boundary condition is assumed. If X = V' is the valve which generates transient waves,
q(x") = 1. (42)

For each xf € 9x'/V, the following three types of boundary condition are considered:

o if X is connected to a reservoir,
h(xf) = 0; (43)
o if xf is a dead-end,
q(xf) = 0; (44)
o if XE is a complex dynamic boundary (e.g., a pressure reducing valve is set), a pressure sensor can be installed at xf such

that h(xf) can be measured [55].

For each interior junction ¥ € Z, it is connected to N; (N; > 2) pipes and the adjoint (limiting) point in the n;-th pipe

(ny =1,...,N) is denoted by x{,j. By the equilibrium of pressure and conservation of mass across the junction, we have
h(x) =) = =h(x) (45)
and
N
S (-1)1q(¥, ) =0, (46)

=1

where o, = 0 if it is inflow (the flow direction is from the n;-th pipe toward ¥') and &, =1 in the case of outflow.
In a network with P pipes, q(x},{).,h(xé’),q(xg) and h(xﬁ),p =1,...,P, can be uniquely solved by a system of 4P linear
equations with a matrix form:

My = b, (47)
where
b=(0,...,0,1)" (48)
and
V= (a(x7),h(x)). q (). h(x0)....a(x). h(xF). q(xp). h(xp)) . (49)
The first 2P equations are from the transfer matrix Eq. (38); the first 2P lines of M are
MY O 0 0
(50)
0 0 ... ... M* % _I

The other 2P equations are obtained from the N; boundary conditions for the interior nodes in Z from Egs. (45) and (46), the
2P — N; — 1 boundary conditions for the ends in X /V from Eq. (43) or (44), and one boundary condition (the last line of M)
obtained from Eq. (42).

Solving y = M~'b, the discharge q and pressure head h at each end of each pipe are obtained, then q and h at any location

in the network can be computed. For a sensor located at x, € (xf,ﬁxf,’) in the p-th pipe,

(q(an)>_ngmm a(x) 7 (51)

h(xp,) h<xl‘,’)
where
M5 — MY (xasaxg,x;) (52)

if x* is located in the p-th pipe and between x{ and x;,; otherwise
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XU xS NL U
M% % — M (x;—xp). (53)
4.2. CRLB computation

model

ol
si— and

In theory, the pressure head at any location can be analytically solved via Eq. (51), then the partial derivatives
ahmtpdel

m

+4—, as well as the CRLB, can also be analytically derived, as the case of single pipe in Section 3.2. However, this is compli-

cated especially for complex networks. For example, q(x}j) h <xp ) , q(xD> and h (xf,’) p=1,...,P, have to be solved by invert-

’ IJ b
ing the system of linear equations (with 4P equations and 4P unknowns) analytically. Alternatively, in this section, a

numerical approach for computing the partial derivatives is employed. The detailed procedure of CRLB computation is given
in Algorithm 2.

Algorithm 2 CRLB computation (specification of Line 5 and Line 12 in Algorithm 1) in a pipe network.
1: For each QMC sample x(Lk) and sfk), ifxfk) is in p*-th pipe (p* € {1,...,P}), derive the analytical form of M% % from Eq.
(39) and M% % (forp=1,...,p* — 1,p* + 1,...,P) from Eq. (40), then insert them into M by Eq. (50);
2: Derive q(xg), h(xg), q(xf,’) and h(xf,’), p=1,...,P, by solving the inverse of Eq. (47), i.e., y = M 'b;
3: Obtain hmj‘?de' (xfk),sf,()> from the second line of Eq. (51) for each x;, € &;
4: Repeat 1-3 to obtain h”mqj‘v’del (xfk) + ex,sfk)) with a small ¢;
. . del . )
5: Repeat 1-3 and obtain h%" ¢ (xfk),sfm + 65) with a small €;;
6: Compute the derivatives by

del model (| L _ pmodel (| L
oy (1l + €5ty ) — ™ (g ) 4
o (orsty) = . 54

and

model model (| L _ pmodel (1 L
Oy (+ hing™ (Xt Sig + € ) = Hng ™ (XGig Sl
(k

L (
oL X vam) = P ; (55)

7: Compute the CRLB via Eq. (17).

4.3. Examples and results

In this section, simple branched and looped pipe systems, which form the basic topological structures of any complex
pipe network, are first studied. In addition, a classical example of pipe network is revisited, by which the interests of the
proposed sensor design approach are demonstrated.

4.3.1. Branched system with three pipes

A branched pipe system composed of three pipes is considered and shown in Fig. 6. Here, x?, x5, and x¥ are all located at
the interior junction of the system, but they stand for locations in different pipes approaching the junction: x? and x2 are just
upstream of the junction in Pipe 1 and Pipe 2, respectively; x¥ is just downstream of the junction in Pipe 3. The wave prop-
agation in the three pipes is described by the field transfer matrix by Eq. (38). It is assumed that x{ and xY are connected to
reservoirs and x5 is a valve (wave generator), thus the following boundary condition are enforced:

h(x{) = 0;h(xy) = 0;q(x}) = 1. (56)

The steady-state flow direction in each pipe is shown in Fig. 6, by which the relationship of discharge and pressure head at
the interior junction is

q(x7) +q(x7) — q(x5) = 0:h(x?) = h(x3) = h(x). (57)

Writing the 12 linear equations in the matrix form, a specific form of Eq. (47) is derived:
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—p : flow direction

Valve

Pipe 2

Fig. 6. A branched pipe system composed of three pipes.

a(z7) 0

M#H o 1 0 0 0 M) 0

0 0 M%7 0 0 Q(m}j 0

U D h(xl)

0 0 0 0 M#Hd 1 o)) 0

O 0 010 0 00 0 —1 00 h(aD) 0
0O 0 000 O 01 0 —1 00 a0 | =10 (58)

0O 0 100 0 10 -1 0 00 h(zD) 0

0O 1 000 0O 00 0 0 00 o) 0

O 0 000 1 00 0 0 00 h(al) 0

O 0 000 O 00 0 0 10 o(zD) 0

h(ab) !

By solving M~ 'b, q(xg) h (xé’) , q(xf,’) and h(xg) ,p = 1,2,3, are obtained, then the pressure head at any location in the p-th
pipe is given by Eq. (51).

Then, the system parameters are explicitly given and the results of sensor placement design are presented. The lengths of
the three pipes are I; = 600 m, [, = 400 m and I3 = 500 m. The internal diameter of pipe is d; = d, = d3 = 0.5 m. The wave
speed is a = 1200 m/s and the Darcy-Weisbach friction factor is fp,, = 0.02. The steady-state pressure head at the upstream
reservoir x¥ is H(xY) = 25 m. The maximum frequency is assumed to be 15wy, where wy, = an/(2(l; + I)). The leak location
x' is assumed to follow the uniform distribution with PDF

fx (XL)

The leak size is also uniformly distributed as in Section 3.3. The optimal locations of the first four sensors are displayed in
Fig. 7. The first sensor is, again, located at the valve, while the second to the fourth sensors are suggested to be placed in the
three pipes, respectively.

L
= X.
l1+lz+l3’x < (39)

4.3.2. Looped system with four pipes
A looped pipe system with four pipes is considered; the setup is shown in Fig. 8. At the two junctions, the discharge and
head have the relationship:
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22

21

q(x7) —a(x3) —q(x5) = 0,h(x7) = h(xy) = h(x3);

q(x2) +a(x3) —q(x3) = 0,h(x3) = h(x3) = h(x;).
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Fig. 7. CRLB normalized by ¢? for the branched pipe system.

1000 1

100

(60)

(61)

Since xY is connected to a reservoir and x% is a valve which generates transient wave by sudden valve closing/opening, thus
the following boundary condition are enforced:

The system of 16 linear equations in the matrix form is

h(xi) = 0;q(x3) =

1.

(62)
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Xy = : flow direction

Fig. 8. A looped pipe system with four pipes.

q(x7) 0
- h(zy) 0
MA = 10 0 0 0 0 0 g(aP)
0 0 M=~ ] 0 0 0 0 h(xP) 8
0 0 0 0 Mo 1 0 0 q(x5) 0
0 0 0 0 0 0 M 1 h(z) 0
0 0 01 0 -1000 0 000 0 00 q(w) 0
0 0 01 0 0 000 -100 0 0 00 h(zg) | _ |
0 0 10-1 0 00-1 00020 0 00 a(zz) ||
0 0 000 0 010 0 000 100 h(zy) 0
0 0 000 0 000 0 01 0 -1 00 q(xy) 0
0 0 000 0 100 0 10-1 0 00 ][ hag) 0
0 1 000 0 000 0 000 0 00]][ a6 0
0 0 000 0 000 0 000 0 10 h(zy) 0
q(x) ]
h(zy)
(63)

The lengths of the four pipes are I; = 450 m, [, = 350 m, I5 = 350 m and l; = 400 m. The pipe diameters are d; = 0.5 m,
d, =0.35m, d; =0.15 m and d4 = 0.5 m. The pressure head at the upstream reservoir is H(xﬁ’) = 25 m. The wave speed is
a = 1200 m/s and the Darcy-Weisbach friction factor is fp,,, = 0.02. The maximum frequency is assumed to be 15w;, where
g = an/(2(l; + 1, + l1)). The PDF of leak location is assumed to be

xbe K xR U Y, x5] U XY, XD

1
fx(XL) _ {l1+lz+l4 i (64)

0,x" € [x§,x3]

i.e., we believe that Pipe 3 has no leak and the other three pipes have equal chance to have a leak. This can be a case that Pipe
3 is newly-built but the other pipes are aging. The optimal locations of the first five sensors are displayed in Fig. 9. In this
case, the first choice is not the location of the valve but in Pipe 2. The first five sensors are assigned to each of the four pipes.
Although it is assumed that no leak can appear in Pipe 3, it is still suggested to install a sensor in this pipe, where the mea-
sured signal includes sufficient information of leak propagated from other pipes.

4.3.3. A complex network

In this section, a pipe network with 11 pipes and 7 nodes, which has been previously investigated for sensor location
design in [31,32,34], is revisited. Note that in [31,32,34] the sensors and leaks can only be located at the 7 nodes, which
is not realistic for real pipe networks. In the following, the design is for sensors that can be placed at anywhere in the 11
pipes and considers all the possible leak locations throughout the network.

The setup of the network is shown in Fig. 10. The coordinate system is X = U}!, {xp (Xp € [xg ,xg]} where x| = 0 is the
upstream and xfj =1, is the downstream boundary of the p-th pipe. The boundary conditions at the 7 nodes (in total 22

equalities) are:
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Fig. 9. CRLB normalized by &2 for the looped pipe system.

(W) = 0,h(x}) = 0:

h(x?) = h(x3) = h(x)) = h(x5),a(x7) = a(x5) +a(x;) +q(x3);

h(x3) = h(x3) = h(xio) = h(x31),a(x%3) +4(x3) = a(x3) +a(x3));
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= : flow direction
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Fig. 10. A pipe network with 11 pipes and 7 nodes.
h(x§) = h(xg),q(x2) +q(xg) = 1; (68)
h(x?1) =h(x9) = h(x7) = h(x3) = h(x5).q(x;) +q(x5) +4(x7) +q(x3) = q(X5); (69)
h(x§) =h(x7).q(x3) = a(x7); (70)
h(x%) = h(xg) = h(xg),q(x%) = a(xg) +q(x5). (71)

Along with the 22 equalities in the transfer matrix Eq. (38) for p = 1,...,11, the system is uniquely solved.
The system parameters in [31] are used. All of the 11 pipes share a common diameter of d, = 0.254 m, a common length

of [, = 762 m, and a common wave speed of a = 1316 m/s. The steady-state flow is 20 L/s. The leak location is assumed to
follow the uniform distribution, i.e., the PDF of x! is

fux) =1 /ilp,xl €. (72)
p=1

The maximum frequency is 10wy, where wy, = ar/(2l,). The CRLB versus the first sensor location throughout the net-
work X is shown in Fig. 11. The optimal location of the first sensor is X = 383 m in Pipe 9 and the optimal locations of
the first 20 sensors are given in Table 1. It is clear that in general the nodes are not the optimal measurement locations

and the proposed method is able to design a sensor system with more accurate leak detection than the methods in
[31,32,34].
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Fig. 11. Normalized CRLB versus first sensor location in the 11 pipes of the network.

Table 1
Optimal locations of the first 20 sensors in the pipe network.
Sensor No. Location Sensor No. Location

1 383 m in Pipe 9 11 656 m in Pipe 7
2 630 m in Pipe 9 12 123 m in Pipe 2
3 142 m in Pipe 9 13 459 m in Pipe 7
4 Node 6 14 57 m in Pipe 8
5 515 m in Pipe 8 15 Node 4
6 381 m in Pipe 4 16 363 m in Pipe 2
7 267 m in Pipe 8 17 256 m in Pipe 10
8 239 m in Pipe 7 18 505 m in Pipe 10
9 136 m in Pipe 4 19 Node 3
10 626 m in Pipe 4 20 Node 7

5. Conclusion

This paper studies the optimal strategy of sensor placement in water supply pipe networks for the purpose of leak detec-
tion. The proposed methodology determines the optimal measurement locations by maximizing the measurement informa-
tion about leaks with respect to pipe network coordinate. Explicit algorithm for computing the Fisher information and
Cramér-Rao lower bound (CRLB) in a general pipe network is developed. A probabilistic framework to model the random-
ness of the appearance of leaks is proposed. The stochastic simulation of transient wave propagation, the consequent CRLB
and the optimal distribution of sensors with consideration of the random leaks are realized via the quasi-Monte-Carlo sim-
ulations. Examples from the simple single-pipe system to the complex pipe network are presented to illustrate the efficiency
of the proposed methodology.

In the present paper, the mismatch between the transient data and model is assumed to be a Gaussian-distributed ran-
dom error. In real-life pipe networks where more complex uncertainties may exist, the influence of each random model
parameter can also be modeled, such that the uncertainties in the data are more precisely quantified. This needs a careful
study of the stochastic characteristics of the parameters in the transient model and a generalization of the sensor design
methodology, which should be able to quantify both the measurement error and the system parameter uncertainties.
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